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ABSTRACT. The internal structure and external properties (in terms
of other H-closed extensions) of the Fomin extension oX of a Hausdorff
space X are investigated. The relationship between 0X and the Stone-Cech
compactification of the absolute of X is developed and used to prove that a
oX-closed subset of 0X\X is compact and to show the existence of a Tychonoff
space Y such that oX\X is homeomorphic to BY\Y. The sequential closure
of X in oX is shown to be X.

It is known that oX is not necessarily projectively larger than any
other strict H-closed extension of X; a necessary and sufficient condition is
developed to determine when a H-closed extension of X is projectively smaller
then oX. A theorem by Magill is extended by showing that the sets of 0-iso-
morphism classes of H-closed extensions of locally H-closed spaces X and Z
are lattice isomorphic if and only if 0X\X and 0Z\Z are homeomorphic.
Harris has characterized those simple Hausdorff extensions of X which are
subextensions of the Katétov extension. Characterizations of Hausdorff (not
necessarily simple) extensions of X which are subextensions of H-closed
extensions 6-isomorphic and S-equivalent to the Kat€tov extension are presented.

In this paper, we investigate properties of the Fomin extension and the
complete upper semilattice of H-closed extensions of a Hausdorff space; some
of our results are obtained by use of the absolute of a Hausdorff space. For a
Hausdorff space X, the sequential closure of X in the Fomin extension oX
is shown to be X and subsets of oX\X which are closed in oX are shown to
be compact. If Y is an H-closed extension, it is known ([IF], [L], [PT]) that
the identity function on X can be extended to a continuous function from the
Katétov extension kX to Y whereas the corresponding result with” kX replaced
by oX is false even if Y is a strict extension. A necessary and sufficient con-
dition is given for the identity function on X to extend to a continuous func-
tion from oX to Y.
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We prove a result similar to a theorem by Magill [M] by showing
the sets of §-isomorphism classes of H-closed extensions of locally H-closed spaces
X and Y are lattice isomorphic if and only if ¢X\X and oY\Y are
homeomorphic. In addition, we prove that for a Hausdorff space X, there is
a Tychonoff space Y with the property that the sets of -isomorphism classes
of H-closed extensions of X and Y are lattice isomorphic. Given a simple
Hausdorff extension T of a space X, Harris [H] has found necessary and suf-
ficient conditions for T to be isomorphic, as extensions of X, to a subspace
of the Kat€tov extension; we approach this setting from a different direction
by characterizing, in terms of H-closed extensions, those Hausdorff extensions
of X satisfying each of thesé conditions.

This paper is a continuation of [PV], and the definitions and notation
developed in [PV] will be used in this paper. Also, the numbering in this paper
is a continuation of the numbering in [PV]. In particular, X will always denote
a Hausdorff space. There are a few additional definitions and facts that will be
helpful in this paper.

Banaschewski [B] has shown for a semiregular Hausdorff space X that
(kX), is a minimal Hausdorff extension of X, denoted by pX. Flachsmeyer
([F1], [F2]) has shown that uX is a special extension oBX of Fomin-Shanin
([Fo], [S1], [S2]) type with respect to the base B of all regular open sets.
Correspondingly, uX is called the Banaschewski-Fomin-Shanin extension; by
1.6, pX = (kX), = (0X),.

(1.8) If Y is a Hausdorff extension of X and f: Y — Z is a continuous
function such that f1X is a homeomorphism onto f(X), then f(Y\X) C Z\f(X).

(19) Let F be an open filter on X and G ={U: U is an open ultra-
filter on X and F C U}. Then

G={U: U openin X and int(cl(V)) € F}=FVD

where P = {U: U openin X and X = cl(U)}

ProOOF. Since D is contained in every open ultrafilter, then FV D CG.
Let U be openin X such that int(cl(U)) € F. Then X\I()NF# &
for all F€E€ F. For some open ultrafilter U, U2 F U {X\cl(U)}. This shows
GC {U: U openin X and int(cl()) € F}. Now,let U be open in X such
that int(cl(0)) € F. Then X\bd U € D and int(cl(U)) N X\bd U)=UE F V
D. Hence, {U: U openin X and int(cl(U)) € F}C F V D. This completes
the proof. !

The next fact is an easy  consequence of (1.9).

(1.10) If U is an open ultrafilter on X and V is an open set such that
int(cl(V)) € U, then V € U.

The authors wish to thank the referee for his useful suggestions.



H-CLOSED EXTENSIONS. II 195

S. Internal properties of ¢X. Let X be a Hausdorff space. 6X is used
to denote {g: q is an open ultrafilter on X}. For each open set U in X, let
Gy=1{q€06X:UEq}) {Gy: U openin X} forms a base for an extremally
disconnected, compact Hausdorff topology on 6X [IF, Theorems 1, 2]. The
subspace {q € 0X: q is fixed} is denoted as pX and called the absolute of X;
pX is dense in 6X [IF, Theorem 4]. By Exercise 6M in [GJ], 6X = fpX
as extensions of pX and pX is an extremally disconnected, Tychonoff space.
Define a function # from 6X onto oX by m(g) =q if q is free and n(q) =
x if N,Cgq; this extends the function 7, defined in [IF] with domain pX
and range X.

Recall that a function f: Y — Z is irreducible if f is onto and no
proper closed subset of Y is mapped onto Z, is compact if f —1(z) is compact
for each z € Z, and is perfect if f is closed and compact.

THeoREM 5.1 [IF, THEOREM 10]. wpX: pX — X is a G-continuous,
irreducible, perfect function.

By a proof similar to the proof of Theorem 10 of [IF], these properties
of wlpX can be extended to .

THEOREM 5.2. m: X — oX is a O-continuous, irreducible, perfect
function.

It is clear that = is a bijection when the domain is restricted to the re-
mainder 6X\pX and the range to the remainder oX\X. In fact, more is true,
as indicated in the next lemma (the proof is straightforward).

LEMMA 53. (a) For each open set U, n(Gy)\X = Oy\U and
7~ 1(0y\U) = Gy'\X.
(b) 7l(0X\pX): 6X\pX — oX\X is a homeomorphism.

THEOREM 54. Suppose there is a continuous function from oX onto an
H-closed extension Y of X that leaves X pointwise fixed. Let F C Y\X.
The following are equivalent:

(@) F isclosed in Y.

(b) F is compact.

© Nio»: y € F} is a free open filter, and if {0”:y € F} meets 07
for some z € Y\X, then z €F.

PrOOF. Let f: 06X — Y be the continuous function that leaves X point-
wise fixed and F = N{0”: y € F}. '

(a) implies (b). By 5.3 (b), it suffices to show that 7~ !(f~!(F)) is closed
in 60X since 0X is compact. By 5.3(b), 7~ (f~!(F)) is closed in 6X\pX.
Let g €pX and N, Cq where x €X. Now Oy, Nf~(F)=g for some



196 J. R. PORTER AND CHARLES VOTAW

vV EN,, implying G, N7~ (f~1(F)) = @. Thus, 7~ '(f~1(F)) is closed in 6X.

(b) implies (c). Clearly F is an open filter on X. Let x € X. There
are disjoint open sets R and S in Y such that x €R and FCS. Now
XERNX,SNXEF, and RNX)N(SNX)=g; so, F is free. Suppose
2 € Y\X and z &€ F. There are disjoint open sets R and S in Y such that
zER and FCS. Now RNXEQ? and SNXE F, implying F does not
meet OF.

(c) implies (a). Since F is a free open filter, the closure of F in Y is
contained in Y\X. Let z € Y\(X U F). Then O? does not meet F; so, there
are disjoint open sets  €E0* and V€ F. Now o(V) No(V) =4, z €o(V),
and FCo(V). So, z€&cl, F. Hence, F is closed in Y.

The authors are indebted to the referee for a suggestion that improved
Theorem 5.4. By Theorem 4 in [F1], the Y in Theorem 5.4 can be replaced
by osX where B is a w-basis. The H-closed extensions Y of X that satisfy
the hypothesis of Theorem 5.4 are characterized in Theorem 6.2. In the case that
the H-closed extension Y of X is oX and F C oX\X, the first part of 5.4(c)
is equivalent to F being free; using the fact that an open filter F meets an open
ultrafilter U if and only if F C U, the second part of 5.4(c) is equivalent to
F being saturated (see the pa'ragraph before Remark 2.2). Thus, we have the
following extension of Theorem 2.1.

COROLLARY 55. Let R be an equivalence relation on oX such that
R(x) = {x} for x € X. There is an H-closed extension Y of X such that R =
Ry if and only if R(y) is compact for each y € oX.

A Hausdorff space Y is locally H-closed [O] if every point has an H-closed
neighborhood. Porter [Po] showed that a Hausdorff space Y is locally H-closed
if and only if Y is an open subspace in each of its H-closed extensions. Other
characterizations of locally H-closed spaces are provided in the next theorem.

THEOREM 5.6. The following are equivalent for a Hausdorff space X.
(@) X is locally H-closed.

(b) X isopenin oX.

(¢) oX\X is compact.

(@) pX is locally compact.

Proor. That (a) and (b) are equivalent\follows from the proof of The-
orem 3.1 of [Po], and that (b) and (c) are equivalent follows from Theorem 5.4.
If pX is locally compact, then X\pX is compact, and by Theorem 5.2,
m(@X\pX) = 0X\X is compact. This shows (d) implies (b). By the proof of
Theorem 5.4 ((a) implies (b) part), if eX\X is closed in ¢X, then #~!(0X\X)
=@0X\pX is closed in 8X; this shows that pX is locally compact and that
(b) implies (d).
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CoROLLARY 5.7. A Hausdorff space X is almost H-closed (i.e.,
card 0o X\X <1 [Po]) if and only if pX is almost compact.

Here is how another property translates between X and pX.

THEOREM 5.8. For a Hausdorff space X, a point q € pX is isolated if
and only if n(q) is isolated in X.

ProoF. The proof is straightforward.

The referee has asked the question of whether p(0X) = o(pX) for an
arbitrary Hausdorff space X. The question was motivated by the fact that
p(0X) = B(pX); so, the question is reduced to whether o(pX) = f(pX) for an
arbitrary Hausdorff space X. Here is a solution to the question.

THEOREM 59. Let X be a Hausdorff space. p(0X) = o(pX) if and only
if the set of nonisolated points of pX is compact.

ProoF. Since p(oX) = o(pX) if and only if o(pX) = f(X), then, by
Theorem 11 in [K2], p(0X) = o(pX) if and only if the set of nonisolated
points of pX is compact.

Thus, when X is a Hausdorff space that is not H-closed and has no iso-
lated points (e.g., the real numbers with the usual topology), p(cX) # o(pX).
On the other hand, if X is a semiregular Hausdorff space, then by Corollary 9
in [IF], p(uX) = B(pX). But every regular nowhere dense closed set in pX
is compact; so, by Theorem 6.4 in[PT], B(pX) = u(pX). Thus, for every semi-
regular Hausdorff space X, p and pu commute, ie., u@X) =pEX).

It is well known [GJ, Example 9K6] that each Tychonoff space S is
homeomorphic to BT\T for some Tychonoff space T. It seems natural to in-
quire whether each Hausdorff space X is homeomorphic to oY\Y or kY\Y
for some Hausdorff space Y. This is false for kY, as kY\Y is discrete; the
next theorem shows it is also false for oY.

THEOREM 5.10. (a) For a Hausdorff space X, oX\X = 8(X)\vX for the
Tychonoff, extremally disconnected space pX.

(b) If Y is a Tychonoff, extremally disconnected space, then BY\Y =
oY\Y.

ProoF. The proof of (a) follows from Lemma 5.3.

The proof of (b) follows from Lemma 5.3 and the fact [IF, Corollary 2]
that for a Tychonoff, extremally disconnected space Y, npY: pY —Y isa
homeomorphism.

COROLLARY 5.11. For a Hausdorff space X, oX\X = o(pX)\pX.
It follows by Theorem 5.10 that the class, henceforth denoted as X, of
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spaces oX\X as X ranges over all Hausdorff spaces is the same as the class of
spaces BY\Y where Y ranges over all Tychonoff, extremally disconnected
spaces. Since fpX is extremally disconnected, X is a subclass of the class of
Tychonoff, zero-dimensional spaces. It is a proper subclass since spaces in 2
possess the property that a convergent sequence is eventually constant [Wi, 15G3];
in particular, the space of rational numbers with the usual topology is not an
element of Z.

ProBLEM. Find an internal characterization of spaces which are the re-
mainders of Stone-Cech compactifications of extremally disconnected spaces.

The sequential closure of a normal Hausdorff space Y in Y is Y
[W, Theorem 8.3.2] ; the corresponding fact for Tychonoff spaces is not neces-
sarily true (an example is the deleted Tychonoff plank). However, if Y isa
Tychonoff space, then BY is not first countable at any point of SY\Y. The
analogous results for ¢X are contained in the next theorem and corollary.

THEOREM 5.12. The sequential closure of the Hausdorff space X in oX
and in kX is X.

PrOOF. Assume that (x,) is a sequence in X converging to some point
p in oX\X. Using induction, it is straightforward to derive a subsequence
(z,) of (x,) and a decreasing family {U,: n € N} of open sets of p with
the properties {z,,-*-, z,}N cly(U,,,) =& and z, €U, forall n €N.
Let A={z,: nE€N} A4 isclosedin X since 4 U {p} is closed in oX.
Either X\d4 or intyA belongs to p. But X\4 contains no member of the
converging subsequence (z,,); hence, inty4 € p. Since, for all n € N, (int,.4)
NU,#& and (intyd) N (U,\clx(U,,,)) € {z,}, there is a subsequence
»,) of (z,) converging to p with the property that {y,} is openin X for
all n. The sets {y,,: n €N} and {y,,,,: n €N} are disjoint, open sets in
X, and since both sets, as sequences, converge to p, both belong to p, which
is a contradiction. The proof for kX is similar.

COROLLARY 5.13. Let X be a Hausdorff space. oX (resp., kX) is not
first countable at any point of oX\X (resp., kX\X).

6. Regularity conditions and oX. Let Y be an H-closed extension of
X and f: kX — Y the Katétov function of Y. The Fomin extension oX of
X is simply the underlying set of kX with a coarser topology; hence, the
question arises as to when the Katétov function is continuous on ¢X. In this
section, we derive an answer. The answer is related to a modified regularity
condition. (Note that if g: X — Y is a continuous function extending the
identity on X, then g is the Katétov function of Y.)

We now define a regularity condition related to the continuity of the
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Katétov function on ¢X. A space Z is regular relative to a subset A if for
each z €Z and each open set U of z, there is an open set V such that

zEVUANint,cl,V)C VUMANcl,V)CU

If Z is regular relative to Z, then Z is regular. This definition is re-
lated to oX in the next theorem, but first we need a lemma.

LEMMA 6.1. Let f: kX — Y be the Katétov function of an H-closed
extension Y of X. Then for each open set U in X, oyUC f(Oy)=UU

(cly U\X).

ProoOF. Let y €EoyU. Then 0¥ Cz for some z €EkX; hence U€Ez
and z € Oy. Thus, y =f(z) and oy U C f(Oy). Now,let zE Oy and y =
f@z). Then 0 Cz, so UNV # @ for every V € 0¥, implying y € clyU.
It follows by 1.8 that f(Oy) C U U (cl,U\X). Conversely, it suffices to show
cdy\NX C f(Oy) since UC oyU. So,let y €clyU\X. Then 0% isa free
open filteron X and UNV # & for every V€ (0”. Thus, O’ U {U}C z
for some free open ultrafilter z on X. Now z € Oy and f(z) =y,
so clyU\X C f(Op).

THEOREM 6.2. Let f: kX — Y be the Katétov function of an H-closed
extension Y of X. [ factors through oX (i.e., f: cX — Y is continuous)
if and only if Y is regular relative to Y\X.

ProOOF. Suppose f factors through oX. Let y €Y and U an open
set containing y. Then, by Theorems 2.1 and 5.4, f~(y) is a compact sub-
set of oX. It follows that there is an open set ¥ in X such that f~'(y) C
Oy and f(O,)CU. If yEX, then yEV CoyV. If y€X, then VE
Ns- 1(y); since f~'(y) = {z: z is open ultrafilter and 0” C z}, then, by
19, intycl,V € 0. Thus, by 1.1, .

y € (intycly 0, V)\X = 0 (int, cl, V)\X.

Since f(Oy) C U, then by 1.1 and Lemma 6.1, (0 V) U (clyoy V)\X C U.
Thus, Y is regular relative to Y\X. Conversely, suppose Y is regular relative
to Y\X and that f{z) =y. Let U be an open set containing y. There is an
open set V such that

YEVU(int,cd, \X) C VU (cl, V\X)C U

Let W=V NX. If y€EX, then 2zE WC Oy. Suppose y € X. By 1.1,
intyclyV = oy(intyclyW). Since 0” C z, then intyclyW €z. By 1.10,
W E€ z implying z € Oy. By Lemma 6.1, f(Oy)=W U (clyM\X) C V' U
(clyV\X) C U. This shows that f factors through oX.
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Now oX is regular relative to oX\X (it will be noted below that oX
possesses an even stronger property), so it is clear from the preceding theorem
that oX is a projective maximum among the H-closed extensions Y of X
which are regular relative to Y\X.

Also, the concept of regular relative to a subset is related to the question
of whether the Katétov function f of a minimal Hausdorff extension Y.of a
semiregular Hausdorff space X can be factored through the Banaschewski-
Fomin-Shanin extension wX, i.e., (0X),. Again, note thatif g: puX —Y isa
continuous function extending the identity map on X, then g is the Katétov
function of| Y.

THEOREM 6.3. Let X be a semiregular Hausdorff space and Y a mini-
mal Hausdorff extension of X. The Katétov function f of Y factors through
uX if and only if Y is regular relative to Y\X.

ProoF. If f factors through wX, then f factors through oX implying
Y is regular relative to Y\X by Theorem 6.2. Conversely, suppose Y is reg-
ular relative to Y\X. By Theorem 6.2, f factors through ¢X. Suppose z €
0oX, f(z)=y and U is a regular-open set in Y containing y. For some V &€
z, y=f@) €f(0y) CU. By 1.1, int ycl O, = O, where W=int,cl,V.
So, ZzE Oy and y €Ef(0y) =W U cly WAX. Since Oy =WU O, by 1.2,
then it follows that f(Oy) C intycly, U =U. Thus, f factors through uX.

Recall [BPS] that a regular filter F on X is an open filter with the
property that for each U € F, thereisa ¥ € F such that cl, V' C U.

THEOREM 64. Let Y be an extension of X. Then Y is regular if and
only if Y is regular relative to Y\X and O% is a regular filter on X for
each y €Y.

ProOF. It is easy to verify that a regular space Y satisfies the two con-
ditions. To prove the converse,let y € UC Y where U is openin Y. Since
UN X € 0%, then there is an open set W in Y that contains y and
cdy(WNX)CUNX and WC U. There is an open set ¥ in Y such that

YEVU(int,c N\XCVU(l, V\XCW.
Now, y €intycly ¥V C cly ¥V = ((cly¥) N X) U (cly, V\X). Since
@A, MNNX=(Cl,VnX)ynx=c, ¥NnX)Cc, (WNX)CUNLK,

then it follows that cl, ¥V C U. Thus, X is regular.

If X is a Tychonoff space, then by Theorem 6.2, oX is projectively
larger than any compactification of X, including the Stone-Cech compactifica-
tion. So, oX is the Stone-Cech compactification of X if and only if oX is
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compact, or equivalently, X is regular. Since oX is regular relative to oX\X
by Theorem 6.2, then the following corollary is an easy consequence of
Theorem 6.4.

COROLLARY 65. Let X be a Hausdorff space. oX is the Stone-Cech
compactification of X if and only if X is regular and every free open ultra-
filter is regular.

It is straightforward to verify that a Hausdorff space X is regular and
every free open ultrafilter is regular if and only if every closed nowhere dense
subspace of X is compact. Thus an interesting byproduct of the concept
“regular relative to a subset” is a new proof of the following characterization
due to Katétov [K2].

COROLLARY 6.6.(KATETOV). The Fomin extension of a Hausdorff space
X is the Stone-Cech compactification of X if and only if every closed no-
where dense subspace of X is compact.

PrOBLEM. Prove or disprove that an extension Y of X that is regular
relative to Y\X is a strict extension.

The converse of the problem is false; in fact, there are semiregular
Hausdorff (and hence, strict) extensions that are not regular relative to the re-
mainder. Consider any noncompact, minimal Hausdorff space Y with a dense
subspace X of isolated points (cf. Example 3.14 in [BPS]). By Corollary 6.5,
0X is the Stone-Cech compactification of X and hence, is not projectively
larger than any noncompact space. So, Y is not regular relative to Y\X.

We now define two other regularity conditions, both of which were intro-
duced by Votaw [V]. An extension Y of X has relatively regular remainder
if for each y €Y and each open set U containing y, there are open sets
V, W containing y such that VC W, Y\XXC W, and cl,,V CU. Y has
relatively completely regular remainder if for each y € Y and each open set U
containing y, there is an open set W containing ¥ and a continuous function
fi:W—[0,1] suchthat XX C W, f(») =0 and f(WAU) C {1}. Itis not
difficult to show that an extension with a relatively completely regular remainder
has a relatively regular remainder. Moreover, since

cd, V=Wncl, V2 (l,NX for VCW,

it is clear that an extension with relatively regular remainder is regular relative

to Y\X.

THEOREM 6.7. If Y is an extension of X with a relatively regular re-
mainder, then Y is a strict extension of X.
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PrOOF. Let y EUC Y where U is open. There are open sets V, W
containing y such that VC W, Y\X C W, and cl,V C U. Then y €
oy nNX)Ccly,VCl

Votaw [V] has developed a generalized type of uniformity, called para-
uniformity, that generates all the H-closed extensions with relatively completely
regular remainder.

We close this section with an interesting result concerning the subsets of
the projectively ordered, complete upper semilattice of H-closed extensions of
X with relatively (completely) regular remainder (which are regular relative to
the remainder).

THEOREM 6.8. Let A be a family of H-closed extensions of X. If each
extension in A is regular relative to its remainder (resp., has a relatively regu-
lar remainder, has a relatively completely regular remainder), then the projective
supremum of A, denoted by \/ A, is an H-closed extension which is regular
relative to its remainder (resp., has a relatively regular remainder, has a relatively
completely regular remainder).

ProOF. Parovienko [P] showed that V A is an H-closed extension of
X isomorphic to clp(e(X)) where P is the product space II{Y: Y € A} and
e: X — P is the embedding of X defined by e(x)(Y)=x for every x €X
and every Y € A. Let Z denote the subspace clp(e(X)) of P with e(x)
and x identified, for each x € X.

Suppose that each Y € A is regular relative to Y\X. Then the KatStov
function fy of Y can be factored through ¢X. By a well-known property of
product spaces, there is a continuous function g: ¢X — P such that g(y)(Y) =
fy(®) for every y € 0X and every Y € A. Since g extends e, then g isa
continuous function from oX to Z extending the identity function on X.
Thus, g is the Katétov function of Z, and by Theorem 6.2, Z is regular rela-
tive to Z\X.

Now suppose that each Y € A has relatively completely regular remainder.
Let z€Z and U be an open set containing z. There is a finite subset F C A
and there are open neighborhoods Uy of my(z), for Y €F, such that z €
(N{n3'(Uy): Y EF}) N Z C U, where my is the projection of P onto Y.
Then, for each Y € F, there are open neighborhoods Wy of my(z) and a
continuous function gy: Wy — [0, 1] such that Y\X C Wy, g,(m4(2)) =0,
and g,(Wy\Uy) C {1}. We now show that Z\e(X) C N{nz!(Wy): Y € F}.
To do this it suffices to show that

Z\e(X) C{Y\x: YEA},

since Y\X C Wy, for YEF. Since myle(X) is a homeomorphism from e(X)
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onto X for each Y € F, then by 1.8, my(Z\e(X)) C Y\X implying
2e() C N{ng!(\X): YEA}=TI{Y\X: YEA}

Now W= (N{ny!(Wy): Y €F}) N Z is an open neighborhood in Z of z.
Let g=sup {gy ° my|W: Y €EF}. Then g: W— [0, 1] is a continuous func-
tion, g(z) =0, and g(WAU) C {1}. Thus, V A has relatively completely reg-
ular remainder. The proof for relatively regular remainder is similar.

7. Subextensions of the Fomin extension and the Banaschewski extension.
Harris [H] has defined the concepts of p-cover (an open cover with the property
that the union of some finite subcollection is dense), p-filter (a free open ultra-
filter or an open neighborhood filter of a point), p-map (a continuous function
with the property that the inverse image of a p-cover is a p-cover) and used
them to prove some results for the Katétov extension which are analogous to
corresponding results for the Stone-Cech compactification [GJ, Theorems 6.4
and 6.7]. These results by Harris are contained in the next theorem.

THEOREM 7.1 [H, THEOREM E]. Let T be a simple Hausdorff extension
of a space X. Consider the following conditions.

(a) Every p-map from X into an H-closed space has an extension to T.

(b) kT and kX are isomorphic as extensions of X.

(c) There is a homeomorphism from T into kX that leaves X point-
wise fixed.

(d) Every p-cover of X extends to an open cover of T.

(e) Every point of T is the limit of a unique p-filter.
Then (a), (b), (c), and (d) are equivalent and each implies (e).

In this section we characterize those Hausdorff (not necessarily simple)
extensions of X which satisfy either of the conditions (a), (d), or (¢) of The-
orem 7.1 and develop the relationships (b) and (c) for the Fomin extension and
the Banaschewski extension. If Y and Z are extensions of X, we write
X CYCZ to mean there is a homeomorphism from Y into Z that leaves X
pointwise fixed and Y =4, Z if Y and Z are isomorphic as extensions of X.
We now characterize those Hausdorff extensions of X satisfying condition (a)
of Theorem 7.1.

CoROLLARY 7.2. Let T be a Hausdorff extension of X. The following
are equivalent:

(a) Every p-map from X into an H-closed space has an extension to T.

() XCTCkX

(© kT=4«kX
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In the next theorem, we characterize those Hausdorff extensions satisfying
condition (d) of Theorem 7.1.

THEOREM 7.3. Let T be a Hausdorff extension of X. The following are
equivalent:

(a) Every p-cover of X extends to an open cover of T.

() XC TCY for some H-closed extension Y of X which is S-equiv-
alent (see §3) to kX.

(c) Foreach y €T, O° is a p-filter on X.

(d) KT and kX are S-equivalent extensions of X.

ProoF. The proof is omitted as it is similar to and simpler than the proof
(which is included) of the forthcoming Theorem 7.4.
~We now characterize those Hausdorff extensions satisfying condition (e)
of Theorem 7.1.

THEOREM 74. Let T be a Hausdorff extension of X. The following are
equivalent:

(@) Every point of T is the limit of a unique p-filter, i.e., for each y €T,
0¥ is contained in a unique p-filter.

(b) X C TCY for some H-closed extension Y of X which is @-isomor-
phic (see §3) to kX.

(c) KT and kX are G-isomorphic extensions of X.

(d) For each pcover A of X, {int(cl(1)): U € A} can be extended to
an open cover of T.

PrOOF. Since X C T C kT, (c) implies (b) follows immediately.

(b) implies (d). By Theorem 3.5, the Katétov function g: kX — Y isa
continuous bijection. By the definition of g, for y € Y\X, gy =
{z €kX\X: 0” Cz}. By Lemma 1.9, for y € Y\X, {open U: int(clU) € 0’}
(denoted by z,) is an open ultrafilter. If A is a pcover of X, then there is
a subfamily {U,,---, U,} of A whose union is dense in X. Thus, for
U=Ug, U, kX\X €0y =UL,0y,. So, for each y € Y\X, thereis V €
A such that V €z, implying int(cl(V)) € 0”. This shows that {oy(int(cl(U))):
U € A} is an open cover of Y.

(d) implies (a). Since 0* = N, for x € X, then it remains to show that
0¥ (relative to T), for y € T\X, is contained in a unique open ultrafilter.
Assume that, for some y € T\X, 0” is not contained in a unique open ultra-
filter. Then, by 1.9, z,, = {open U: int(cl(V)) € 0’} is not an open ultrafilter.
By [Wi, 12G], for some openset U in X, U€ z, and X\chUGEzy. For
each u € cl, U\U, there is an open set ¥, of u such that int(cl(V,)) € 0.
Now, A= {U, X\cl, U}V {V,: u € cl,, U\U} is a p-cover and {int(cl(V)):
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V € A} cannot be extended to an open cover of T.

(a) implies (c). kT is an H-closed extension of X; so,let f: kX — kT
be the Kat8tov function of k7. By Theorem 3.5, it suffices to show that f
is one-to-one. For y €T, O r= 0%; so, f~ 1) is a singleton by assump-
tion (a). Suppose y €kT\T, then {UNT: U open in kT and y € U} is
a free open ultrafilter on T and since X is dense in T, it easily follows that
0% is a free open ultrafilter on X. Thus, f~ 1) is a singleton for y € kT\T.

REMARK 7.5. It follows immediately from Corollary 7.2 and Theorems 7.3
and 7.4 that, for a Hausdorff extension T of X,

(i) if every p-map from X into an H-closed space can be extended to T,
then every p-cover of X extends to an open cover of T and

(i) if every p-cover of X extends to an open cover of T, then every
point of T is the unique limit of a p-filter on X.

The converses of (i) and (ii) are false for arbitrary Hausdorff extensions
of X. To show the converse of (i) is false, it suffices to show there is a Haus-
dorff space X for which kX and ¢X are not isomorphic, but this occurs when
X is Hausdorff but not locally H-closed (Corollary 4.3). The converse of (ii) is
false even if T is a strict (or simple) extension as demonstrated by a space X
in which the @-isomorphism class of kX contains two nonisomorphic strict
(and hence two nonisomorphic simple) extensions; such a space X is described
in Example 3.8.

Conditions (b) and (c) of Corollary 7.2 are stated in terms of the Katétov
extension kX, and an interesting inquiry is whether (b) and (c) of Corollary 7.2
are equivalent whenever kX is replaced by the Fomin extension oX or the
Banaschewski-Fomin-Shanin extension uX. This inquiry is resolved by the next
theorem and following example.

THEOREM 7.6. Let T be a Hausdorff extension of X.
@) If oT=x oX, then X C T C oX.
(b) Suppose X is semiregular. Then uT =y uX if and only if XCT CuX

ProoFr. The proof of (a) and the corresponding part of (b) is straight-
forward. Suppose X is semiregular and X C T C uX. T is semiregular since
semiregular is hereditary on dense subspaces ([K1], [St]). Since (kT), =uT
and (kX), =X and since kT is an H-closed extension of X, then by The-
orem 3.5, uX =4 uT if kX and kT are 6-isomorphic extensions of X. Let
f: kX — kT be the Katétov function for k7. Since f|X is a homeomorphism,
then by 1.8, f~1(y) is a singleton for y € X. For y €xT\X, f~'(y) =
{p €xX\X: p 2 0% (relative to kT as an extension of X)}. If y € kT\T,
then {UNT: U openin kT and y € U} is a free open ultrafilter on T, and
as X isdensein 7, O” isa free open ultrafilter on X. This shows f~!(»)
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is a singleton for y € kT\T. Since X C T C uX, the Katétov function for
pX (from kX) is the identity function, and for y € T\X, O%r = O = Ol y;
then f~1(») is a singleton for y € T\X. This shows that f is one-to-one.

By Theorem 3.5, kX and kT are f-isomorphic extensions of X.

ExaMPLE 7.7. This is an example of a Hausdorff space X that demon-
strates the falsity of the converse of condition (a) of Theorem 7.6. Let X be
the positive integers with the discrete topology, and let T = oX\{y} for some
y € 0X\X. Since every nowhere dense closed subset of X is compact, then by
Corollary 6.6, 6X is compact Hausdorff. But as noted by Flachsmeyer [F,

p. 373], kT =0T and kT is not compact, hence, oT #y oX.

8. A lattice isomorphism and oX\X. We now turn our attention to the
6-isomorphism classes of H-closed extensions and show that, for locally H-closed
spaces X and Y, the collections of such classes are lattices and are lattice
isomorphic if and only if 0X\X and oY\Y are homeomorphic.

Let Y be an H-closed extension of X, f the Katétov function of Y,
and Ry = {(s, £): f(s) =f()}. Let [Y] denote the §-isomorphism class con-
taining Y (see §3). If Z is also an H-closed extension of X, define [Y] <
[Z] if and only if R, C Ry. Clearly, the relation < is a partial order on the
collection of @-isomorphism classes of H-closed extensions of X; this collection
is denoted by 6[X]. In fact, more is true as indicated in the next theorem.

THEOREM 8.1. Let X be a Hausdorff space.

(@) The relation < is a partial order on 0[X] and every nonempty sub-
set of 0[X] has a supremum in 0[X].

() If X is locally H-closed, then 6[X] is a complete lattice relative
to <.

ProOF. The first part of statement (a) is noted in the paragraph preceding
Theorem 8.1. To prove the second part of statement (a), let g# I' C 6[X].
Let A be a set of representatives, one from each element of I'. By the second
remark of §2, the supremum, denoted as Z, of A exists and R, =
n{RY: Y€ A). So, [Z] = [Y] forevery Y E A. Also,if W is an H-closed
extension of X and if [W] > [Y] for every Y € A, then Ry, 2 N{Ry: YE
A}=R,. So [Z] is a supremum of T' relative to <. To prove (b), let X
be locally H-closed and let & # I' C [X]. There is a one-point H-closed ex-
tension of X which is a lower bound for TI'. So, there is a greatest lower bound
for T in 6[X], by (a) above. Thus, 8[X] isa complete lattice.

Note that the partial order < on 6[X] corresponds to 8-projective
order, for the obvious extension of the concept of projective order to 6-pro-
jective order. Moreover, the order < on 6[X] corresponds to projective order
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on the set consisting of a projective maximum from each class in 6[X] (the
existence of such a maximum element was noted in a paragraph preceding The-
orem 3.7).

Recall that a lattice isomorphism is a bijection that preserves finite supremums
(if they exist) and finite infimums (if they exist). If X is a locally compact
Hausdorff space, it is well known that the collection of Hausdorff compactifi-
cations of X forms a complete lattice relative to the projective order. For lo-
cally compact Hausdorff spaces X and Y, Magill [M] has shown that the
families of Hausdorff compactifications of X and Y are lattice isomorphic if
and only if BX\X = BY\Y, where SX denotes the Stone-Cech compactification
of X. This result will now be extended to 6[X], 6[Y] and oX\X, oY\Y,
for locally H-closed spaces.

THEOREM 82. Let X and Y be locally H-closed spaces. Then 0[X]
is lattice isomorphic to 0[Y] if and only if oX\X = oY\Y.

ProoF. Since X and Y are locally H-closed, then by Theorem 5.6,
oX\X and oY\Y are closed, compact subspaces of X and oY, respectively.
By Theorem 2.1 and 3.5, there is a bijection between 6[X] and the free, sat-
urated equivalence relations R on kX such that R(x) = {x} for x €X. But
there is a bijection between these types of equivalence relations on X and parti-
tions by free, saturated subsets of kX\X (and, hence, of oX\X). It follows
by Theorem 5.4 that there is a bijection between 6[X] and the set of parti-
tions of oX\X by closed subsets. A similar statement holds for Y, 6[Y], and
oY\Y. Now a homeomorphism of 0X\X and oY\Y induces a lattice isomor-
phism of the sets of partitions of 6X\X and oY\Y by closed subsets, and it
is clear that this lattice isomorphism extends to a lattice isomorphism of 6[X]
and 0[Y].

Conversely, suppose there is a lattice isomorphism between 6[X] and
0[Y]. Then, by considering the H-closed extensions obtained by identifying
two points at a time, we obtain a bijection f: oX\X — oY\Y, just as Magill
[M] does for BX\X and BY\Y. But then, since elements of 6[X] correspond
to partitions of oX\X by closed sets, we can show that f and f~! are closed,
by using essentially the same argument Magill uses. Thus, oX\X is homeo-
morphic to oY\Y.

By Theorem 5.6, pX is locally compact if and only if X is locally
H-<losed, and by 5.10 and 5.11, oX\X is homeomorphic to f(®X)\pX and
to o(X)\pX. Thus, we have a lattice isomorphism of 6[X] and 6[pX],
for locally H-closed X. This leads to the question of whether the
lattice isomorphism of 6[X] with 6[Y] is an extension of the lattice iso-
morphism of K[pX] with K[pY], for locally Hclosed X and Y with oX\X
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homeomorphic to ¢Y\Y, where K[pX] denotes the family of Hausdorff com-
pactifications of pX. But it is not difficult to see that the homeomorphism of
oX\X with oY\Y uniquely determines both lattice isomorphisms through the
“natural” identification of oX\X with o(®@X)WwX and oY\Y with o(pY)\pY.
(Consider the H-closed extensions of X, Y and the compactifications of pX,
pY obtained by identifying two points in 0X\X and the corresponding points
in oY\Y.) Thus, if a partition of cX\X by closed subsets induces a compacti-
fication of pX, the corresponding partition of oY\Y induces a compactifica-
tion of pY. This, of course, implies that the answer to the question posed
above is affirmative. We record this result, along with some others, in the fol-
lowing corollary.

COROLLARY 83. Let X and Y be locally H-closed. The following are
equivalent:

(@) oX\X = oY\Y.

(®) BEX)\pX = BpPY)\PY.

(c) 6[X] is lattice isomorphic to 0[Y].

(@) 0[pX] is lattice isomorphic to 0[pY].

() K[pX] is lattice isomorphic to K[pY].

() There is a lattice isomorphism r: 0 [pX] — 0[pY] such that r(K[pX])
= K[pY].

A fact mentioned in the paragraph preceding Corollary 8.3 is true without
local H-closure in the hypothesis and is presented in the next proposition, the
proof of which follows immediately from Lemma 5.3.

PROPOSITION 84. If X is a Hausdorff space, then 0[X] and 6[pX]
are lattice isomorphic.
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